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Abstract

Originally devoted to specific applications such as biology, medicine and demog-
raphy, duration models are now widely used in economy, finance or reliability.
Recent works in various fields of application have shown the relevancy of using
Bayesian networks to model complex systems, namely stochastic systems with
an underlying distribution that does not fit to a well-known parametric form. In
this paper, the description of a specific dynamic Bayesian network, referred to as
Graphical Duration Model (GDM), is given. A GDM aims to represent a wide
range of duration models. Its structure allows especially to fit multi-state sys-
tems featuring complex sojourn-time distributions and contextual dependencies.
To that end, a duration variable is explicitly introduced to the state transition
model which is classically represented by a Markov chain. A recursive algorithm
to efficiently perform inference in this model is derived along with its proof of
correctness and space and time complexity studies. Finally, this approach is
illustrated with an application in survival analysis in which the proposed model
is compared with the commonly used Markov chain modelling.

Key words: dynamic Bayesian networks, graphical duration models, discrete
duration models, inference, survival analysis

1. Introduction

Discrete duration models are well-fitted to phenomena which can be repre-
sented by a positive integer value random variable. The duration model frame-
work provides effective tools when the question is to model and estimate a
probability distribution describing the duration between two events (e.g. the
lifetime of an infected patient, the time to failure of a physical system, the du-
ration of an unemployment period, the time-interval between a loan acceptance
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and a repayment failure, the time-interval between volcanic irruptions . . . ). Du-
ration models are also relevant to represent transitions between two events (e.g.
the transition between two degradation states of a production system, the tran-
sition between two phases of a disease, the behavioral change of a poker player
after several significant losses . . . ).

Although originally related to biology, medicine or demography, duration
models are intensively used in many fields of application such as economy, fi-
nance or reliability [10]. It is important to notice that the approach presented in
the sequel can be applied in many domains even if we have chosen to illustrate
our purpose with a survival analysis [5].

Recent studies involving the use of Bayesian networks [13, 8] have been
proved relevant to represent and analyse complex systems. By complex system
we mean stochastic systems with an underlying distribution that does not fit
to a well-known parametric form. For instance the authors in [2] show how to
model the dependability of an industrial system by means of Bayesian networks.
In [14] experiments using dynamic Bayesian networks [12] have been carried out
to study the lifetime of a dynamic system represented by a Markov chain. The
interest of using these tools stems from (i) the powerful and intuitive graphi-
cal modelling capabilities (ii) the generic learning and inference tools allowing
respectively to fit the model parameters and to perform stochastic calculations.

In this article, we present a specific dynamic Bayesian network structure,
denoted by graphical duration model. This structure is aimed to improve the
graphical representation of a Markov chain by introducing a sojourn-time vari-
able depending on the system state. The sojourn-time variable allows to explic-
itly defined the distribution of the time spent in each system state. Thereby
complex stochastic processes with any sojourn-time distributions can be cap-
tured by the proposed model. An ad hoc inference procedure is provided, along
with its proof of correctness, to efficiently compute the probability of any state
trajectories through this structure.

To that end, this paper is organised as follows. Section 2 briefly gives some
elements of the Bayesian network theory. Section 3 introduces in details the
proposed graphical duration model. Section 4 describes the inference algorithm
dedicated to this specific structure. Section 5 presents a comparison between
the proposed modelling approach and the Markov chains framework applied to
survival studies. Finally, some conclusions and perspectives are discussed in
section 6.

2. Bayesian networks

Bayesian Networks (BNs) are mathematical tools relying on both the proba-
bility theory and the graph theory [13, 8] . BNs allow to qualitatively and quan-
titatively represent uncertainty. Basically, BNs are used to compactly describe
the joint distribution of a collection of random variables X = (X1, . . . , XD)
taking their values in the domain X = X1 × . . .×XD. Formally, a BN, denoted

by M, is defined as a pair
(
G,

(
P (Xd|X)pad

)
1≤d≤D

)
where (i) G = (X , E) is
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a directed acyclic graph in which X = (X1, . . . , XD) is the sequence represent-
ing both the graph nodes and the random variables, and E is the set of edges
encoding the conditional dependence relationships among these variables (ii)
P (Xd|Xpad

) is the Conditional Probability Distributions (CPD) of variable Xd

given its parents Xpad
where pad denotes the indices sequence of the parents

of Xd in G. These CPDs aim to quantify the ”strength” of the dependence
relationships between the variables.

The conditional independence relationships associated to the BN graphical
structure allow to parsimoniously rewrite the joint distribution of (X1, . . . , XD)
as follows :

P (X1, . . . , XD) =

D∏

d=1

P (Xd|Xpad
). (1)

Note that if each random variable Xd takes its values on a discrete and finite
set Xd, the corresponding BN is said to be a discrete and finite BN (DF-BN).
In the sequel, the number of possible values for a discrete and finite random
variable X over domain X will be denoted by NX = card(X ). Moreover in this
case, each CPD P

(
Xd|Xpad

)
can be represented as a matrix with each parent

configuration xpad
∈ Xpad

along the rows and each variable value xd ∈ Xd along
the columns.

Besides, both the structure and probabilistic part of a BN can be automati-
cally learnt if some complete or incomplete data, or expert opinions are available
[9]. Once the parameters of the CPDs are estimated, the objective is often to
perform probabilistic inference. In other words, the question is to compute the
distribution of any variables vector Xq ⊆ X.

One of the most classical inference procedures relies on the use of a junction
tree [11]. Nevertheless in our experiments, we use the elimination algorithm
[6]. This choice is motivated by the simplicity and the efficiency of the method.
Indeed, it has the same interesting computational properties as the junction tree
algorithm [7], even though no complex graph theory background is needed to
understand and implement it.

Note such modelling is not adapted to time-dependant processes. This draw-
back can be very problematic. For instance in survival analysis, the question is
often to capture how an infection evolves from one particular phase to another
over time.

To overcome this limitation, let introduce the Dynamic Bayesian Networks
(DBNs) [12]. The DBN formalism is based on the previously defined Bayesian
networks with extensions to represent discrete sequential systems. Indeed,
DBNs allow to model data which are sequentially generated by some complex
mechanisms (e.g. number of mechanical solicitations before the failure of a
device, bio-sequences . . . ).

More precisely, a DBN defines the probability distribution of a collection
of random variables (Xt)t≥1 = (X1,t, . . . , XD,t)t≥1 where t is the discrete time
index. In this study, we consider only a special class of DBNs, called 2-slice
Temporal Bayesian Networks (2-TBN). A 2-TBN is a DBN which satisfies the
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Markov property of order 1, that is, the future of the studied stochastic process
is independent from its past given its present. This property is formally denoted
by Xt−1 ⊥⊥ Xt+1|Xt for all t ≥ 2. A pair of BNs (M1,M→) allows to de-
fined a 2-TBNs. BN M1 represents the joint distribution of the initial process
X1 = (X1,1, . . . , XD,1). According to (1), this distribution admits the following
factorisation :

P (X1) = P (X1,1, . . . , XD,1) =
D∏

d=1

P (Xd,1|Xpad,1
),

where pad,1 is the indices sequence of the parents of the d-th variable in slice 1.
BN M→ defines the transition model, i.e. the distribution of Xt given Xt−1.

In this case the BN factorisation leads to :

P (Xt|Xt−1) = P (X1,t, . . . , XD,t|X1,t−1, . . . , XD,t−1) =

D∏

d=1

P (Xd,t|Xpad,t
),

where pad,t denotes the indices sequence of the parents of Xd,t which can only
stand in slices t and t − 1 according to the Markov property of order 1.

Thereby, the joint distribution of the random variables over a temporal hori-
zon T , i.e. (Xt)1≤t≤T = (X1,t, . . . , XD,t)1≤t≤T , can be found out by simply
”unrolling” the 2-TBN until a sequence of length T is obtained :

P
(
(X)1≤t≤T

)
=

D∏

d=1

P
(
Xd,1|Xpad,1

) T∏

t=2

D∏

d=1

P
(
Xd,t|Xpad,t

)
. (2)

Note that as in the static BN formalism if all variables take their values in
a finite and discrete domain, the underlying DBNs and 2-TBNs are also said to
be discrete and finite (DF-DBNs and 2-DF-TBNs).

Besides, considering 2-TBNs as a pair of two static BNs allows to easily de-
rive the previously mentioned learning procedures to both initial and transition
models. On the other hand, the inference problem in 2-TBNs suffers from an
important increase of time and space complexity. Specific algorithms have been
proposed to partially resolve this issue [3, 15].

Remind that a 2-TBN verifies the Markov property of order 1. Therefore,
inference in any temporal slice t is possible as soon as the distribution of the
process in slice t−1 is known. Basically, only a subset of the process is sufficient
to verify the Markov property. This particular subset is called the interface and
corresponds to the variables that have children in the next slice. The interface is
formally denoted by XIt

where It represents the indices sequence of the variables
in slice t that have children in slice t+1. Thereby, the 2-TBN interface property
can be written in the following manner :

Xt−1 ⊥⊥ Xt+1|XIt
. (3)
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An inference method exploiting the interface property coupled with junction
tree is proposed in [12]. Basically, any static inference algorithms can be used
to update the interface distribution at each time step. This method is applied
in section 4 with the elimination algorithm instead of the junction tree method.

3. Graphical Duration Models

2-TBNs are general tools allowing to model dynamic complex systems. Be-
sides, it is important to notice that using a 2-TBNs to represent a variable
depending on its own past is equivalent to use a Markov chain to describe its
local transition model. Consequently, the sojourn-times associated to each vari-
able state are geometrically distributed. Unfortunately this assumption turns
out to be insufficient in most of practical systems.

To overcome this restriction, this article presents a specific 2-TBN structure,
denoted Graphical Duration Model (GDM), able to represent dynamic multi-
states systems having arbitrary complex sojourn-time distributions. The first
contribution of this paper is to extend the variable duration models introduced
in [12]. These models were originally devoted to resolve HMM-like learning
problems by taking into account the information of the time spent in each
model state. In this section both the graphical and the probabilistic description
of GDMs are addressed.

3.1. Graphical description

The 2-TBN graphical structure of a GDM is depicted in Figure 1. The
model consists of the following three variables : Xt denotes the system state at
time t; St denotes the remaining sojourn-time at time t in the current system
state; Zt denotes the context of the system. The GDM graphical structure
shows that the current system state Xt depends on the previous system state
Xt−1, the previous remaining duration St−1 and the current context Zt. On
the other hand, the current remaining sojourn-time St is dependant on the
sojourn-time St−1, the context Zt, the current state Xt and the previous state
Xt−1. Effectively, when using a GDM, the system is characterised by a state
transition model, a sojourn-time model and a context model. Details about the
probabilistic properties in GDMs are given in section 3.2.

According to the 2-TBN factorisation property (2), the joint probability
distribution of (Zt, Xt, St)1≤t≤T over a sequence of length T is given by :

P ((Zt, Xt, St)1≤t≤T ) = P (Z1)P (X1|Z1)P (S1|X1, Z1) · (4)

T∏

t=2

P (Zt)P (Xt|Xt−1, St−1, Zt) ×

P (St|Xt−1, St−1, Zt, Xt).
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(a)
Initial
model

(b) Transition model

Figure 1: 2-TBN representation of a GDM. Zt, Xt and St represent respectively the context,
the system state and the remaining sojourn-time at time t. The figure 1(a) gives the GDM
initial model M1 while the figure 1(b) depicts its transition model M→. Dashed variables in
figure 1(b) indicate the interface variables, i.e. XIt

= (Xt, St).

By applying the interface definition to a GDM, it appears that (Xt, St) charac-
terises the interface. Consequently, the interface property (3) leads to :

(Zt−1, Xt−1, St−1, Zt) ⊥⊥ (Zt+1, Xt+1, St+1)|(Xt, St). (5)

These two previous results are used in section 4 where a specific inference al-
gorithm is described aiming to evaluate some useful probabilistic indicators
concerning the studied system.

3.2. Probabilistic description

This section addresses the specifications of CPDs under the discrete and
finite assumption. In other words, the question is to explain the role of each
CPD involved in (4). The purpose of the CPDs description given in the sequel
is to provide sufficient indications to allow fast implementations.

3.2.1. Context CPDs

In many applications the studied system can differently behave according to
various contexts. Let Z be the discrete and finite set containing the possible
contexts. The following context distribution is defined for each z ∈ Z by :

P (Zt = z) = ωt,z, (6)

where ωt,z is the probability that the system stands in the context z at time t.
The distribution ωt is then a sum-to-one vector of NZ elements assuming NZ

denotes the number of considered contexts.
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It is of interests to note that in practical applications the number of con-
text variables can be greater than one. Basically, in a multivariate context case
Zt denotes a vector of random variables (Zt,1, . . . , Zt,M ) taking their values in
Z = Z1 × . . . × ZM . The characterisation of ωt given in (6) does not change.
Nevertheless the larger is the number of context variables, the more space con-
suming becomes the distribution ωt. A way to reduce the space complexity of
the context distribution could be to use a Bayesian network to take advantage
of the independence relationships among context variables.

3.2.2. Initial system state CPD

Let X be the set of the NX system states. The initial system state CPD
allows to describe the initial system characteristics according to the context. In
other words, for each context z ∈ Z and each state x ∈ X :

P (X1 = x|Z1 = z) = V1,z,x,

where V1,z,x gives the probability for the system to start in state x given the
context z. CPD V1 is then a right stochastic matrix1 consisting of NZ rows and
NX columns.

3.2.3. Initial sojourn-time CPD

The initial sojourn-time CPD gives the distributions of the time spent in each
possible (context,state) configuration. This CPD is defined over the discrete and
finite domain S = {1, 2, . . . , s, . . . ,≥ NS}, where NS is the maximum number of
steps the process can spend in any (context,state) configurations. The domain S
holds NS elements of which the last one is not a single value, but a right-opened
interval. This is a convention aiming to preserve both the infinite nature of time
and the finite assumption of the CPD. This is formally written for each z ∈ Z
and each x ∈ X as follows :

P (S1 = s|Z1 = z, X1 = x) = F1,z,x,s 1 ≤ s < NS

and
P (S1 ≥ NS |Z1 = z, X1 = x) = F1,z,x,NS

, (7)

where F1,z,x,s is the probability to spend s time units in the state x and in the
context z. Thus, F1 can be represented as a right stochastic matrix consisting
of NZNX rows and NS columns. NS can be interpreted as a discrete-time
truncation parameter. The larger NS , the more accurate the representation of
the sojourn-time distribution. On the other hand, choosing a too large NS value
will have immediate consequences on both the space needed to store the CPD,
i.e. NZNXNS values, and the time complexity of inference.

Note finally that the main advantage of this approach stems from the flexi-
bility concerning the choice of the sojourn-time distributions. Indeed, any kind
of shapes can be handled provided the discretisation parameter NS has been

1i.e. a matrix consisting of real numbers in [0, 1] with each row summing to one.
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appropriately chosen. Thereby a wide range of dynamic phenomena can be cap-
tured. A survey on discrete sojourn-time distributions is proposed in [4] giving
interesting ideas to fill CPD F1.

3.2.4. System state transition CPD

The system state transition CPD aims to describe how the system goes from
one state to another. Two cases have to be dealt with :

1. The sojourn-time in the previous state x′ is up, i.e. St−1 = 1. Therefore,
a transition occurs at time t and a new current state x is drawn according
to the following CPD :

P (Xt = x|Xt−1 = x′, St−1 = 1, Zt = z) = Q
sys
x′,z,x,

where Q
sys
·,z,· is a right stochastic matrix consisting of NX rows and NX

columns giving the probability that the system goes to the state x from
the state x′ given the context z. We refer to Qsys as the static system
transition matrix since it is time-independent.

2. It remains some time to be spent in the state x′, i.e. St−1 ≥ 2. In this case
the system deterministically stays in the current state which is formally
expressed by :

P (Xt = x|Xt−1 = x′, St−1 ≥ 2, Zt = z) = Ix′,x =

{
1 if x = x′

0 otherwise
,

where I is the identity matrix consisting of NX rows and NX columns,
ensuring (i.e. with probability one) that the next state x will be equal to
the previous state x′.

Finally, the global system state transition CPD is defined as :

P (Xt = x|Xt−1 = x′, St−1 = s′, Zt = z) = Q→
x′,s′,z,x =

{
Q

sys
x′,z,x if s′ = 1

Ix′,x if s′ ≥ 2
.

(8)

3.2.5. Sojourn-time transition CPD

The sojourn-time transition CPD aims to update the remaining sojourn-
time in the current state at each time step. This CPD is also used to provide a
new sojourn-time when a transition occurs. As in the case of the system state
transition CPD, the same two cases have to be considered :

1. If a transition occurs, i.e. St−1 = 1, a new sojourn-time is selected according
to the following CPD :

P (St = s|Xt−1 = x′, St−1 = 1, Zt = z, Xt = x) = F
sys
x′,z,x,s,

where F sys is a right stochastic matrix consisting of N2
XNZ rows and NS

columns specifying the sojourn-time distributions given the current context,
the previous system state and the new system state. The definition of
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F sys follows the same principle as the definition of F1. Moreover in some
practical situations, F sys can be considered independent on the previous
state such that for each x′ ∈ X , F

sys
x′,:,:,: = F1, where the colon symbol

means the corresponding dimension is entirely considered.
2. The sojourn in the current state is not over, i.e. St−1 ≥ 2. The remaining

sojourn-time s′ ≥ 2 has to be deterministically counted down as follows :

P (St = s|Xt−1 = x′, St−1 = s′, Zt = z, Xt = x) = Cs′,s

=

{
1 if s = s′ − 1,

0 otherwise
,

where C is a right stochastic matrix consisting of NS − 1 rows and NS

columns defined as the identity matrix with NS −1 rows concatenated with
a zero-valued column on the right.

Finally, the global sojourn-time transition CPD is defined as

P (St = s|Xt−1 = x′, St−1 = s′, Zt = z, Xt = x) = F→
x′,s′,z,x,s

=

{
F

sys
x′,z,x,s if s′ = 1,

Cs′,s if s′ ≥ 2
. (9)

3.3. Space complexity of a GDM

Assuming that a GDM only consists of discrete and finite CPDs, the cal-
culation of the corresponding space complexity is straightforward. Indeed, it
suffices to count the number of elements defining each CPD characterising the
GDM namely ωt, V1, F1, Q→ and F→. According to the descriptions and the
notations introduced in section 3.2, the space complexity order for each CPD,
denoted by SC (·), is given for the initial CPDs and the context CPD by :

SC (ωt) = O (NZ) , SC (V1) = O (NZNX) and SC (F1) = O (NZNXNS) .

Counting naively the number of elements needed to defined transition CPDs
Q→ and F→ leads to the following space complexities :

SCnaive (Q→) = O
(
NZN2

XNS

)
, and SCnaive (F→) = O

(
NZN2

XN2
S

)
.

Using an ad hoc storage for CPDs Q→ and F→ allows to significantly reduce
their space complexity. Indeed, exploiting the piecewise definitions (8) and (9)
and applying a sparse storage technique to matrices I and C lead to the following
ad hoc space complexities :

SCad hoc (Q→) = SC (Qsys) + SC (I) = O
(
NZN2

X

)
+ O (NX) = O

(
NZN2

X

)
,

and,

SCad hoc (F→) = SC (F sys)+SC (C) = O
(
NZN2

XNS

)
+O (NS) = O

(
NZN2

XNS

)
.

The space complexity of a GDM is the sum of the previous complexities. As a
result, the space needed to store a GDM is then on the order of O

(
NZN2

XNS

)

elements.
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4. Inference

This section addresses the problem of the probabilistic inference in a dynamic
system represented by means of a GDM. Remind that Zt, Xt and St denote
respectively the random variables associated to the context, the state and the
remaining sojourn-time at time t.

The purpose of this section is to evaluate the probability of any system state
trajectories of length T . In other words, the underlying inference problem boils
down to the calculation of the following probability :

τ(E) = τ(E1, . . . , ET ) = P (X1 ∈ E1, . . . , XT ∈ ET ), (10)

where each Et ⊆ X , 1 ≤ t ≤ T is a subset of system states. According to
the choice of E = (Et)1≤t≤T the probability τ(E) allows to extract various
information related to the system behaviour over time. Let now define the
function ΨE

t for each x ∈ X and each s ∈ S given a fixed trajectory E as :

ΨE

t,x,s = P (X1 ∈ E1, . . . , Xt−1 ∈ Et−1, Xt = x, St = s). (11)

Under the discrete and finite assumption, ΨE
t is a matrix consisting of NX rows

and NS columns. Note besides that summing (11) over Et leads to the value of
interests τ(E). The following proposition gives a recursive characterisation of
ΨE

t based on the derivation of the elimination method presented in [6].

Proposition 1 (Recursive characterisation of ΨE
t ). Let (Zt, Xt, St)t≥1 be

the sequence of random variables associated to a GDM and taking their values
in domains Z,X and S respectively (see section 3). Consider also a subset
collection of X denoted by (E1, . . . , Et). Then for any t ≥ 1, ΨE

t can be recursively
expressed for each x ∈ X and each s ∈ S,

ΨE
t,x,s =






Ψ1,x,s if t = 1

∑

x′∈Et−1

NS∑

s′=1

ΨE
t−1,x′,s′

∑

z∈Z

ωt,zQ
→
x′,s′,z,xF→

x′,s′,z,x,s if t ≥ 2
. (12)

The proof of this proposition is given in appendix A. The previous result rep-
resents a generic exact inference method to compute ΨE

t based on the naive
storage of CPDs Q→ and F→. As far as we know, most of Bayesian network
implementations use similar approaches to perform this kind of calculations. As
it is described in [1], the time complexity, denoted by TC (·), of sum-product cal-
culation involving discrete and finite CPDs is equivalent to the space complexity
of the largest intermediate term processed during the summations. In (12) this
largest term is ωt · Q→ · F→. The order of the time complexity associated to
this naive computation of ΨE

t is then :

TCnaive
(
ΨE

t

)
= SC (ωt · Q

→ · F→) = SCnaive (F→) = O
(
NZN2

XN2
S

)
.

The following proposition represents the second contribution of this paper.
It provides a fast recursive scheme aiming to compute ΨE

t .
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Proposition 2 (Fast recursive characterisation of ΨE
t ). Let (Zt, Xt, St)t≥1

be the sequence of random variables associate to a GDM and taking their values
in domains Z,X and S respectively (see section 3). Consider also a collection of
subsets of X denoted by E = (E1, . . . , Et). Then for any t ≥ 1, ΨE

t is recursively
defined for each x ∈ X and each s ∈ S by :

ΨE

t,x,s =





∑

z∈Z

ω1,zV1,z,xF1,z,x,s if t = 1

∑

x′∈Et−1

ΨE

t−1,x′,1

∑

z∈Z

ωt,zQ
sys
x′,z,xF

sys
x′,z,x,s + Ψ̃E

t−1,x,s if t ≥ 2
, (13)

where Ψ̃E
t,x,s =

{
ΨE

t,x,s+1 if x ∈ Et and 1 ≤ s < NS

0 otherwise
.

The proof of the proposition is given in appendix A. This proposition refines the
result obtained in Proposition 1. It relies on the exploitation of the piecewise
definition of Q→ and F→. In addition, the deterministic behaviour of Q→

and F→ when St ≥ 2 (no transition) is also used to simplify the calculations.
The largest term involves in the summations appearing in (13) is ω · Qsys ·
F sys. Consequently, the order of the time complexity associated to the ad hoc
computation of ΨE

t described in Proposition 2 is then

TCad hoc
(
ΨE

t

)
= SC (ωt · Q

sys · F sys) = SC (F sys) = O
(
NZN2

XNS

)
.

This result leads to Algorithm 1 allowing to compute τ(E) for any state
trajectory E. The time complexity of this algorithm arises essentially from
the computation of ΨE

t . Consequently, the time complexity associated to Al-
gorithm 1 is on the order of O

(
TNZN2

XN2
S

)
using Proposition 1 as against

O
(
TNZN2

XNS

)
using Proposition 2. This shows the relevancy of the proposed

inference method since it leads to the reduction of the time complexity of an
order of magnitude in NS . This is particularly interesting since NS is often
large for the reasons mentioned in section 3.2.3.

Algorithm 1 Iterative algorithm to compute any state trajectories of a system
represented with GDM.

Require: A GDM verifying the probabilistic description presented in section
3.2; a state trajectory E = (E1, . . . , ET ).

Ensure: Compute τ(E) = P (X1 ∈ E1, . . . , XT ∈ ET ).
1: Compute ΨE

1 =
∑

z∈Z ω1,zV1,z,xF1,z,x,s

2: Compute τ(E1) =
∑

x∈E1

∑NS

s=1 ΨE
1,x,s

3: for t = 2 to T do
4: Compute ΨE

t,x,s according to Proposition 2

5: Compute τ(E1, . . . , Et) =
∑

x∈Et

∑NS

s=1 ΨE
t,x,s

6: end for
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5. Lifetime analysis using GDMs

5.1. Preliminaries

Assume the set of system states X is partitioned into two sets XA and XD

(i.e. X = XA ∪ XD with XA ∩ XD = ∅), respectively for alive states and for
dead states.

Let S : N
∗ 7→ [0, 1] denotes the discrete-time survival function defined as :

S(t) = P (X1 ∈ XA, . . . , Xt ∈ XA), t ∈ N
∗. (14)

S(t) represents the probability that the system is always stayed in an alive state
until moment t. It is of interests to notice the link between the evaluation of
the survival function and Algorithm 1. Indeed, S(t) can be found out by setting
E1 = XA, . . . , Et = XA as inputs of the algorithm.

5.2. Case study description

Consider the case of a clinical trial aimed to evaluate the effect of two treat-
ments on a given incurable disease. The disease is supposed to have three phases
: regular, fast and death. The objective is then to exploit clinical trial results
in order to quantify the lifetime gain for each treatment. In this application the
studied system is symbolized by an affected patients. A patient can be either
in the regular phase (R) or in the fast phase (F), or dead (D) with XD = {D}.
The medical treatment represents the system context which can be either the
first treatment (T1) or the second treatment (T2), or no treatment (T0). As-
sume now that the theoretical disease progression is governed for each treatment
by the transition rates presented in Table 1 and the sojourn-time distributions
given in Table 2. Table 1 confirms that the considered pathology is incurable.

no treatment treatment 1 treatment 2

regular → fast 20% 50% 90%
regular → dead 80% 50% 10%
fast → dead 100% 100% 100%

Table 1: Transition rates characterising the disease state changes for each treatment.

An infected patient always ends up hitting the fast phase of the disease and then
the dead state. However, treatment 1 makes infected patients go through the
intermediate fast phase in 50% of the cases. Treatment 2 is even better since
infected patients go directly to the dead state only in 10% of the cases.

Table 2 shows that treatment 1 and 2 allows to decrease γ, and thus the
progression speed of the infection.

Note that in practice the previous information are unknown. However, a
clinical trial consists in following a population of independent infected patients
from the disease discovery to the death. This population is divided in three
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no treatment treatment 1 treatment 2

regular W(20, 3) W(20, 1) W(20, 0.85)
fast W(10, 3) W(10, 1) W(10, 0.85)
dead ∞ ∞ ∞

Table 2: Sojourn-time distributions (in weeks) associated to each disease phases and each
treatment. W(µ, γ) denotes the Weibull distribution with scale parameter µ and shape pa-
rameter γ. It is worth reminding that a Weibull distribution with scale parameter γ = 1 is
equivalent to the exponential distribution of parameter µ.

groups containing the same number of subjects. In order to observe the effect
of each treatment, group T0 is not treated, group T1 is treated with treatment
1 and group T2 is treated with treatment 2. The clinical trial results consist
for each group of the number of occurrences of each transition and the number
of occurrences of each sojourn-time. The objective is to evaluate the survival
function according to each group from these data.

In other to show the relevancy of our approach, two disease progression
models are built. The first one relies on GDMs and the second one relies on
Markov chains (MCs). Both models are supposed to be learnt from the clinical
trial data using the classic maximum likelihood estimation method [9].

5.2.1. Results

Algorithm 1 is used to compute the survival function corresponding to both
the GDM and MC representations. This is made possible since MCs can be con-
sidered as a special case of the GDM framework by removing the sojourn-time
variable. The theoretical estimation is obtained using Monte-Carlo simulations.
Figure 2(a) shows the survival functions associated to patients without treat-
ment computed from the theoretical model, the GDM model and the MC model.
In this case, both the GDM and MC models have been learnt from 100 patients.
Figures 2(b) and 2(c) provide similar results for treatment T1 and treatment
T2 respectively. Table 3 gives a summary of the Mean Relative Absolute Error
(MRAE) resulting of the computation of the survival function from both the
GDM and MC models. The comparisons are carried out with the theoretical
evaluation of the survival function. The average error percentage at time t is
given for each amount of available data and each treatment.

These results show that the GDM approach is particularly interesting when
the studied system is governed by non-exponentially distributed sojourn-times.
This is the case of the disease progression under treatments T0 and T2. Indeed,
the treatment T0 leads to a theoretical progression verifying Weibull-distributed
sojourn-times with scale parameter γ = 3. This situation is far from the ex-
ponentially distributed sojourn-time hypothesis implicitly assumed by the MC
approach. This explains the large MRAE made by the MC modelling in this
context. Besides, as the MC model is clearly false for treatment T0, increas-
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# of patients Treatment GDM MRAE (%) MC MRAE (%) Ratio

10 T0 28.33 234.93 8.29
100 T0 11.61 191.73 16.51
1000 T0 2.40 192.40 80.29
10 T1 21.6 7.30 0.34
100 T1 10.7 5.44 0.51
1000 T1 2.79 2.39 0.85
10 T2 7.97 6.66 0.83
100 T2 4.73 4.85 1.02
1000 T2 1.01 4.71 4.65

Table 3: Mean Relative Absolute Error (MRAE) between theoretical and estimated survival
functions. The last column denotes the ratio between the MC MRAE and the GDM MRAE.

ing the number of data does not necessarily improve the quality of the survival
function. For treatment T2, the scale parameter is closer from the exponential
situation. Consequently, the MRAE associated to the MC assumption is lower.
When few data are available, the MC approach appears to be more robust than
the GDM approach. However, the GDM modelling quickly provides better re-
sults as soon as the number of data increases. Finally, the treatment T1 denotes
the only context in which the MC approach is more relevant. In this case, the
MC approach fits to the theoretical model. This explains the better survival
function estimation. These comparisons show that the GDM approach is more
appropriate as soon as the exponentially distributed sojourn-time assumption
is not realistic. Remark that it is often the case when the question concerns the
representation of complex systems.

Besides, it is worth noting that various other interesting indicators can be
deduced from these results (e.g. the mean time to death, the hazard rate, the
mean residual lifetime. . . ). Further analyses can then be performed to decide if
one of the treatments is significantly better than another.

6. Conclusions

An original approach is described in this article aiming to represent a wide
range of discrete duration models based on the DBN framework. Indeed, a
specific DBN structure is proposed referred to as Graphical Duration Mod-
els (GDMs). Both its graphical structure and its probabilistic properties are
studied. Then the GDM features such as the multi-state modelling, the com-
plex handling of sojourn-time distributions and the context consideration are
detailed.

Besides, a fast inference algorithm devoted to efficiently compute the proba-
bility of any system state trajectories is given along with its proof of correctness.
In addition, a survival analysis problem is presented to illustrate the suitability
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Figure 2: Comparison between theoretical and estimated survival functions.

of GDMs compared to commonly used approaches such as Markov chain mod-
elling. The method is successfully applied to evaluate the lifetime function of
patients under different treatments, legitimating the use of the GDMs to deal
with practical problems. In addition, it is worth emphasizing on the fact that
the proposed work is generic and could be applied to other domains in which
transitions and durations modelling are the matter of concerns (e.g. economy,
meteorology, . . . ).

Works are in progress to extend the GDM structure and the associate in-
ference algorithm by introducing action variables. The objective is to model
systems in which an action might be selected modifying the future behaviour
of the system at each time step. The second perspective of interests is to con-
sider the long-run behavior of a system represented with a GDM, and hence to
establish under what conditions a GDM possesses a steady distribution.
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A. Proof of Propositions 1 and 2

Proof (of Proposition 1). Let proceed by induction. For t = 1, the result
is straightforward since :

ΨE

1 =
∑

Z1

P (Z1, X1, S1) = P (X1, S1) = Ψ1.

Assume ΨE
t−1 = P (X1 ∈ E1, . . . , Xt−2 ∈ Et−2, Xt−1, St−1) for t ≥ 2. Using

simple probability manipulation rules, we have

ΨE
t =

∑

(Zτ ,Sτ )1≤τ≤t−1,Zt

P
(
(Zτ , Xτ ∈ Eτ , Sτ )1≤τ≤t−1 , Zt, Xt, St

)

=
∑

(Zτ ,Sτ )
1≤τ≤t−1

,Zt

P
(
Zt, Xt, St| (Zτ , Xτ ∈ Eτ , Sτ )1≤τ≤t−1

)
×

P
(
(Zτ , Xτ ∈ Eτ , Sτ )1≤τ≤t−1

)

ΨE
t =

∑

St−1,Zt

P (Zt, Xt, St|Xt−1 ∈ Et−1, St−1)×

∑

(Zτ ,Sτ )
1≤τ≤t−2

,Zt−1

P
(
(Zτ , Xτ ∈ Eτ , Sτ )1≤τ≤t−1

)
.

The last result comes from the GDM interface property depicted in equation
(5). Besides, let now remark that :

∑

(Zτ ,Sτ )1≤τ≤t−2,Zt−1

P
(
(Zτ , Xτ ∈ Eτ , Sτ )1≤τ≤t−1

)
= P

(
(Xτ ∈ Eτ )1≤τ≤t−1 , St−1

)
.

Then, the computation of ΨE
t can be pursued by using the GDM factorisation

property (4) as follows :

ΨE
t =

∑

St−1,Zt

P (Zt, Xt, St|Xt−1 ∈ Et−1, St−1) P
(
(Xτ ∈ Eτ )1≤τ≤t−1 , St−1

)

=
∑

St−1,Zt

P (Zt)P (Xt|Xt−1 ∈ Et−1, St−1, Zt)×

P (St|Xt−1 ∈ Et−1, St−1, Zt, Xt)P
(
(Xτ ∈ Eτ )1≤τ≤t−1 , St−1

)
.
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This can be equivalently rewritten for each x ∈ X and each s ∈ S = {1, . . . , NS}
by :

ΨE
t,x,s =

∑

x′∈Et−1

NS∑

s′=1

∑

z∈Z

P (Zt = z)P (Xt = x|Xt−1 = x′, St−1 = s′, Zt = z)×

P (St = s|Xt−1 = x′, St−1 = s′, Zt = z, Xt = x)×
P (X1 ∈ E1, . . . , Xt−2 ∈ Et−2, Xt−1 = x′, St−1 = s′)︸ ︷︷ ︸

=Ψt−1,x′,s′ by assumption

ΨE
t,x,s =

∑

x′∈Et−1

NS∑

s′=1

∑

z∈Z

ωt,zQ
→
x′,s′,z,xF→

x′,s′,z,x,sΨt−1,x′,s′ .

Proof (of Proposition 2). Begin with the result of Proposition 1 :

ΨE

t,x,s =
∑

x′∈Et−1

NS∑

s′=1

Ψt−1,x′,s′

∑

z∈Z

ωt,zQ
→
x′,s′,z,xF→

x′,s′,z,x,s, t ≥ 2.

Then split the sum over the previous sojourn-time domain between s′ = 1 and
s′ ≥ 2, that is for each x ∈ X and each s ∈ S,

ΨE
t,x,s =

∑

x′∈Et−1

ΨE

t−1,x′,1

∑

z∈Z

ωt,z Q→
x′,1,z,x︸ ︷︷ ︸

=Q
sys

x′,z,x

F→
x′,1,z,x,s︸ ︷︷ ︸

=F
sys

x′,z,x,s

+

∑

x′∈Et−1

NS∑

s′≥2

ΨE

t−1,x′,s′

∑

z∈Z

ωt,z Q→
x′,s′,z,x︸ ︷︷ ︸

=1I(x′=x)

F→
x′,s′,z,x,s︸ ︷︷ ︸

=1I(s′=s+1)

.

The indicator functions introduced when s′ ≥ 2 allow to make disappear both
the sums over x′ and s′. Besides, the sum over z makes ωt sum to one since ωt

does not depend on x′ neither on s′.

ΨE
t,x,s =

∑

x′∈Et−1

ΨE

t−1,x′,1

∑

z∈Z

ωt,zQ
sys
x′,z,xF

sys
x′,z,x,s+

NS∑

s′≥2

1I (s′ = s + 1)
∑

x′∈Et−1

ΨE

t−1,x′,s′1I (x′ = x)

︸ ︷︷ ︸
=1I(x∈Et−1)ΨE

t−1,x,s′︸ ︷︷ ︸
=1I(x∈Et−1)1I(1≤s≤NS−1)Et−1ΨE

t−1,x,s+1

∑

z∈Z

ωt,z

︸ ︷︷ ︸
=1

.

Remark that 1I (x ∈ Et−1) 1I (1 ≤ s ≤ NS − 1) Et−1Ψ
E
t−1,x,s+1 is exactly Ψ̃E

t−1,x,s

as defined in Proposition 2. Hence, the result follows.
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